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Abstract
We derive the symmetry group theorem to the Lin-Tsien equation by using the modified CK’s
direct method, from which we obtain the corresponding symmetry group. Conservation laws cor-
responding to the Kac-Moody-Virasoro symmetry algebra of Lin-Tsien equation is obtained up to
second order group invariants.
PACS numbers: 02.30.Jr, 47.10.ab, 02.30.Ik
Keywords: Lin-Tsien equation; Lie point symmetry group; conservation laws
1
I. INTRODUCTION
Conservation law which originates in mechanics and physics play an important role in
physics and mathematics. Nonlinear partial differential equations (NPDEs) that admit con-
servation laws arise in many disciplines of the applied sciences including physical chemistry,
fluid mechanics, particle and quantum physics, plasma physics, elasticity, gas dynamics,
electromagnetism, magnetohydro-dynamics, nonlinear optics, and the bio-sciences. Espe-
cially, in soliton theory, conservation laws have many significant uses, particularly with
regard to integrability and linearization, analysis of solutions, and numerical solution meth-
ods. Furthermore, completely integrable NPDEs [1, 2] admit infinitely many independent
conservation laws. Besides, finding the symmetry of NPDEs is also very important. The
mathematical foundations for the determination of the full group for a system of differential
equations can be found in Ames [3], Bluman and Cole [4], and the general theory is found in
Ovsiannikov [5]. Among them, the modified CK’s direct method [6, 7] is an effective method
for finding symmetries and one advantage of this method is that one can easily obtain the
relationship between new exact solutions and old ones of the given NPDEs.
Conservation law is closely connected with the the symmetry and this connection is given
by the famous Noether theorem. In the classical Noethers theorem [8], if a given system
of differential equations has a variational principle, then a continuous symmetry (point,
contactor higher order) that leaves invariant the action functional to within a divergence
yields a conservation law [9]-[12]. The Noether theorem has been the only general device
allowing one, in the class of Euler-Lagrange equations, to reduce the search for conservation
laws to a search for symmetries.In the last few years, effective methods have been devised
for finding conservation laws for the very special class of so-called Lax equations. In 2000,
Kara [13] presented the direct relationship between the conserved vector of a PDE and the
Lie-Ba¨cklund symmetry generators of the PDE, from which it is possible for us to obtain
conservation laws from symmetries (see, e.g. [14]).
The Lin-Tsien equation [15]
2utx + uxuxx − uyy = 0, (1)
where the variable u ≡ u(x, y, t) is a velocity potential, is known as a completely integrable
model. It has been widely used to study dynamic transonic flow in two space dimensions,
plasma physics, optics, condense matter physics, etc.
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This paper is organized as follows. In section two, we derive the symmetry group theorem
to the Lin-Tsien equation by using the modified CK’s direct method, then the corresponding
Lie point symmetry groups and infinite dimensional Kac-Moody-Virasoro symmetry algebra
[16] are obtained straightforwardly. As a comparison, we also derive the Lie point symme-
try groups by traditional Lie approaches and the result shows that both methods produce
the same result. In section three, we first review some basic notions about Lie-Ba¨cklund
operators and then using it we finally obtain conservation laws of the infinite dimensional
Kac-Moody-Virasoro symmetry algebra as Lin-Tsien equation possessed up to second order
group invariants. It is emphasized that equations with the same symmetries may possesses
the same types of conservation laws. The last section is a short summary and discussion.
II. TRANSFORMATION GROUP BY THE DIRECT METHOD AND KAC-
MOODY VIRASORO STRUCTURE OF THE LIE POINT SYMMETRY ALGEBRA
To find complete point symmetry transformation group of (1), one should find the general
transformations in the following form
u = U(x, y, t, F (ξ, η, τ)), (2)
where ξ, η and τ are functions of x, y, t, F ≡ F (ξ, η, τ) is also solutions of the Lin-Tsien
equation in the variables ξ, η and τ , i.e.,
2Fτ,ξ + FξFξξ − Fηη = 0, (3)
Fortunately, we can prove that for the Lin-Tsien equation it is enough to take
u = α + βF (ξ, η, τ), (4)
instead of (2), where α, β and ξ, η, τ are functions of {x, y, t}.
To prove the conclusion (4), one should submit the general expression (2) to Eq. (1).
After eliminating Fηη and their higher derivatives via (3) and vanishing all the coefficients
of the different terms of the derivatives of the functions F , one can get many complicated
determining equations for 4 functions U ≡ U(x, y, t, F (ξ, η, τ)), ξ, η and τ . Two of them
read as
ξxη
2
xUFFξ = 0, τxξ
2
xUFFτ = 0,
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For the reason that UF should not be zero and there is no nontrivial solution for ξx = 0, the
only way to cause the coefficients of Fξ and Fτ to vanish is
ηx = 0, τx = 0. (5)
Under the condition (5), the determining equation containing Fξ is
(UF ξ
3
x − η
2
y)Fξ = 0.
solving the above equation for U then proves the conclusion that assumption (4) instead of
the general one (2) is sufficient to find the general symmetry group of the Lin-Tsien equation.
Now the substitution of (4) with (5) into the Lin-Tsien equation leads to
(−2βyηy + 2βxηt − βηyy)Fη + ξxβ(ξxxβ + 2ξxβx)F
2
ξ + (β(ξ
3
xβ + τyξy
−τtξx)Fξξ + (βxβξxx + 2β
2
xξx + βξxβxx)F + 2βξtx + αxβξxx
+2αxβxξx − 2βyξy + βξxαxx + 2βtξx + 2βxξt − βξyy)Fξ − βτ
2
yFττ
+(2βxτt − 2βyτy − βτyy)Fτ + (βxβξ
2
xF + β(αxξ
2
x + 2ξtξx − ξ
2
y))Fξξ
+β(−η2y + τtξx − τyξy)Fηη + 2β(ηtξx − ηyξy)Fξη + βxβxxF
2
+(2βtx + βxαxx + αxβxx − βyy)F + 2αtx + αxαxx − αyy
−2βηyτyFτη = 0. (6)
Eq. (6) is true for arbitrary solutions F only when all the coefficients of the polynomials of
the derivatives of F are zero which lead to a system of the determining equations for ξ, η,
τ , α and β
− 2βyηy + 2βxηt − βηyy = 0, ξxβ(ξxxβ + 2ξxβx) = 0, (7)
2βξtx + αxβξxx + 2αxβxξx − 2βyξy + βξxαxx + 2βtξx + 2βxξt − βξyy = 0, (8)
βxβξxx + 2β
2
xξx + βξxβxx = 0, βτ
2
y = 0, 2βxτt − 2βyτy − βτyy = 0, (9)
(2βtx + βxαxx + αxβxx − βyy) = 0, β(−η
2
y + τtξx − τyξy) = 0, (10)
β(ξ3xβ + τyξy − τtξx) = 0, βxβξ
2
x = 0, 2β(ηtξx − ηyξy) = 0, (11)
4
βxβxx = 0, β(αxξ
2
x + 2ξtξx − ξ
2
y) = 0, 2αtx + αxαxx − αyy = 0, (12)
βηyτy = 0. (13)
It is straightforward to obtain the general solutions of the determining equations (7)–(13).
The results are
ξ = τ
1
3
t x+
1
3
y2τtt
τ
2
3
t
+
yη0t
τ
1
3
t
+ ξ0, η = τ
2
3
t y + η0, β = τ
1
3
t , (14)
α = −
(−36τttτtttτt + 28τ
3
tt + 9τttttτ
2
t )y
4
81τ 3t
−
2(−2η0ttτttτt + η0tttτ
2
t − τtttη0tτt + 2τ
2
ttη0t)y
3
3τ
8
3
t
+(−
2(−4τ 2tt + 3τtttτt)x
9τ 2t
−
−4τttξ0tτt − 6η0tη0ttτt + 6ξ0ttτ
2
t + 5τttη
2
0t
3τ
7
3
t
)y2
+(−
2(−η0tτtt + η0ttτt)x
τ
5
3
t
+ α2)y −
τttx
2
3τt
−
(2ξ0tτt − η
2
0t)x
τ
4
3
t
+ α1 (15)
where ξ0 ≡ ξ0(t), η0 ≡ η0(t), τ ≡ τ(t), α1 ≡ α1(t) and α2 ≡ α2(t) are arbitrary functions of
time t.
In summary, the following theorem holds:
Theorem 1: If F = F (x, y, t) is a solution of the Lin-Tsien equation (1), then so is
u = −
(−36τttτtttτt + 28τ
3
tt + 9τttttτ
2
t )y
4
81τ 3t
−
2(−2η0ttτttτt + η0tttτ
2
t − τtttη0tτt + 2τ
2
ttη0t)y
3
3τ
8
3
t
+(−
2(−4τ 2tt + 3τtttτt)x
9τ 2t
−
−4τttξ0tτt − 6η0tη0ttτt + 6ξ0ttτ
2
t + 5τttη
2
0t
3τ
7
3
t
)y2
+(−
2(−η0tτtt + η0ttτt)x
τ
5
3
t
+ α2)y −
τttx
2
3τt
−
(2ξ0tτt − η
2
0t)x
τ
4
3
t
+α1 + τ
1
3
t F (ξ, η, τ), (16)
with (14), where ξ0, η0, τ , α1 and α2 are arbitrary functions of t.
Applying the theorem to some simple exact solutions without arbitrary functions, one
may obtain some types of novel generalized solutions with some arbitrary functions. In the
following, we just present one special solution example.
5
Example 1. It is quite trivial that the Lin-Tsien equation (1) possesses a special simple
solution
F = 1. (17)
Using the transformation theorem to the above special solution we have the following
new special solution of the Lin-Tsien equation
u = −
(−36τttτtttτt + 28τ
3
tt + 9τttttτ
2
t )y
4
81τ 3t
−
2(−2η0ttτttτt + η0tttτ
2
t − τtttη0tτt + 2τ
2
ttη0t)y
3
3τ
8
3
t
+(−
2(−4τ 2tt + 3τtttτt)x
9τ 2t
−
−4τttξ0tτt − 6η0tη0ttτt + 6ξ0ttτ
2
t + 5τttη
2
0t
3τ
7
3
t
)y2
+(−
2(−η0tτtt + η0ttτt)x
τ
5
3
t
+ α2)y −
τttx
2
3τt
−
(2ξ0tτt − η
2
0t)x
τ
4
3
t
+α1 + τ
1
3
t . (18)
In the traditional Lie group theory, one always tries to find the Lie point symmetries first
and then use the Lie’s first fundamental theorem to obtain the symmetry transformation
group. Conversely, we are fortunate to obtain the symmetry transformation group in the
first place by a simple direct method. Once the transformation group is known, the Lie
point symmetries and the related Lie symmetry algebra can be obtained straightforward by
a more simple limiting procedure.
For the Lin-Tsien (1), the corresponding Lie point symmetries can be derived from the
symmetry group transformation theorem by setting
η0(t) = ǫh(t), τ(t) = t+ ǫf(t), ξ0(t) = ǫg(t), α1(t) = ǫm(t),
α2(t) = ǫn(t), (19)
with ǫ being an infinitesimal parameter, then (16) can be written as
u = F + ǫσ(F ) +O(ǫ2),
σ(F ) = (g(t) +
1
3
ft(t)x+
1
3
ftt(t)y
2 + yht(t))Fx + (h(t) +
2
3
ft(t)y)Fy
+fFt +
1
3
ft(t)F −
2
3
ftttxy
2 −
1
3
fttx
2 − 2gt(t)x+m(t)
+n(t)y −
1
9
ftttty
4 −
2
3
httt(t)y
3 − 2gtty
2 − 2httxy, (20)
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The equivalent vector expression of the above symmetry reads
V = {(
1
3
ft(t)x+
1
3
ftt(t)y
2)
∂
∂x
+
2
3
ft(t)y
∂
∂y
+ f(t)
∂
∂t
−(
1
3
ft(t)F −
2
3
ftttxy
2 −
1
3
fttx
2 −
1
9
ftttty
4)
∂
∂F
}
+{g(t)
∂
∂x
+ (2gt(t)x+ 2gtty
2)
∂
∂F
}+ {yht(t)
∂
∂x
+ h(t)
∂
∂y
+(
2
3
httt(t)y
3 + 2httxy)
∂
∂F
} − {m(t)
∂
∂F
} − {n(t)y
∂
∂F
}
≡ V1(f(t)) + V2(g(t)) + V3(h(t)) + V4(m(t)) + V5(n(t)). (21)
Since the functions f , g, h, m and n are arbitrary, the corresponding Lie algebra is an infinite
dimensional Lie algebra.
It is easy to verify that the symmetries Vi, i = 1, 2, 3, 4, 5 constitute an infinite
dimensional Kac-Moody-Virasoro [16] type symmetry algebra S with the following nonzero
commutation relations
[V1(f), V4(m)] = V4(
1
3
mft + fmt), (22)
[V2(g), V3(h)] = V5(2(2hgtt − ghtt + htgt)), (23)
[V1(f), V3(h)] = V3(fht −
2
3
hft), (24)
[V1(f), V2(g)] = V2(gtf −
1
3
gft)), (25)
[V2(g1), V2(g2)] = V4(2g1tg2 − 2g1g2t), (26)
[V3(h), V5(n)] = V4(hn), (27)
[V1(f), V5(n)] = V5(ftn+ fnt), (28)
[V1(f1), V1(f2)] = V1(f1f2t − f2f1t), (29)
[V3(h1), V3(h2)] = V2(h1h2t − h2h1t), (30)
It should be emphasized that the algebra is infinite dimensional because the generators
V1, V2, V3, V4 and V5 all contain arbitrary functions. The algebra is closed because all
the commutators can be expressed by the generators belong to the generator set usually
with different functions and the generators contained different functions belong to the set.
Especially, it is clear that the symmetry V1(f) constitute an centerless Virasoro symmetry
algebra.
As a comparison, we now derive the Lie point symmetry of the Lin-Tsien equation by
the standard Lie approach briefly.
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To study the symmetry of the equation (1), we search for the Lie point symmetry trans-
formations in the vector form
V = X
∂
∂x
+ Y
∂
∂y
+ T
∂
∂t
+ U
∂
∂u
,
where X , Y , T and U are functions with respect to x, y, t, u, which means that (1) is
invariant under the point transformation
{x, y, t, u} → {x+ ǫX, y + ǫY, t+ ǫT, u+ ǫU}
with infinitesimal parameter ǫ.
In other words, the symmetry of the equation (1) can be written as the function form
σ = Xux + Y uy + Tut − U, (31)
where the symmetry σ is a solution of the linearized equation for (1)
2σtx + σxuxx + uxσxx − σyy = 0, (32)
which is obtained by substituting u = u+ ǫσ into (1) and dropping the nonlinear terms in
σ.
It is easy to solve out X(x, y, t, u), Y (x, y, t, u), T (x, y, t, u) and U(x, y, t, u) by substi-
tuting (31) into (32), and eliminating uyy and its higher order derivatives by means of the
Lin-Tsien equation. After taking the constants as zero, we get the results
X(x, y, t, u) =
1
3
Ttx+
1
3
Ttty
2 +Xty + Y, (33)
Y (x, y, t, u) =
2
3
Tty +X, (34)
T (x, y, t, u) = T (t), (35)
U(x, y, t, u) =
1
3
x2Ttt −
1
3
uTt +
2
3
xy2Tttt + 2xXtty + 2xYt
+
1
9
y4Ttttt +
2
3
Xttty
3 + 2Ytty
2 + Z1y + Z2, (36)
where X , Y , T , Z1 and Z2 are arbitrary functions of t.
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The vector form of the Lie point symmetries reads
V =
(
1
3
Tt +
1
3
Ttty
2 +Xty + Y
)
∂
∂x
+
(
2
3
Tt +X
)
∂
∂y
+ T
∂
∂t
+
(1
3
uTt −
1
3
x2Ttt −
2
3
xy2Tttt − 2xXtty − 2xYt −
1
9
y4Ttttt
−
2
3
Xttty
3 − 2Ytty
2 − Z1y − Z2
) ∂
∂u
, (37)
which is exactly the same as that obtained by the modified CK’s approach.
III. CONSERVATION LAWS RELATED TO THE THE SYMMETRY (37)
In order to obtain conservation laws related to the symmetry (37), we need some basic
notions about Lie-Ba¨cklund operators first.
A Lie-Ba¨cklund operator is given by
X0 = ξ
i ∂
∂xi
+ η
∂
∂u
+ ζi
∂
∂ui
+ ζi1i2
∂
∂ui1i2
+ · · · , (38)
where ξi, η and the additional coefficients are
ζi = Di(W ) + ξ
juij,
ζi1i2 = Di1i2(W ) + ξ
juji1i2 , (39)
and W is the Lie characteristic function defined by
W = η − ξjuj (40)
with Di being the operator of total differentiation
Di =
∂
∂xi
+ ui
∂
∂u
+ uij
∂
∂uj
+ · · · , i = 1, · · · , n, (41)
as
ui = Di(u), uij = DjDi(u). (42)
These definitions and results relating to Lie-Ba¨cklund operator can be found in [17] and the
repeated indices mean the summations known as the Einstein summation rule.
Using equations (38)-(42), we can calculate the 2nd-order Lie-Ba¨cklund operator of the
vector field V defined by equation (37):
ξx =
1
3
xTt +
1
3
Ttty
2 +Xty + Y, (43)
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ξy =
2
3
yTt +X, (44)
ξt = T, (45)
η = −
1
3
uTt +
1
3
x2Ttt +
2
3
xy2Tttt + 2xXtty + 2xYt +
1
9
y4Ttttt
+
2
3
Xttty
3 + 2Ytty
2 + Z1y + Z2, (46)
ζx = −
2
3
Ttux +
2
3
xTtt +
2
3
y2Tttt + 2Xtty + 2Yt, (47)
ζy = −Ttuy +
4
3
Ttttyx+ 2xXtt +
4
9
y3Ttttt + 2Xttty
2 + 4Ytty
+Z1 − (
2
3
Ttty +Xt)ux, (48)
ζt = −
4
3
Ttut −
1
3
uTtt +
1
3
x2Tttt +
2
3
xy2Ttttt + 2xyXttt + 2xYtt
+
1
9
y4Tttttt +
2
3
Xtttty
3 + 2Yttty
2 + Z1,ty + Z2,t
−
(1
3
xTtt +
1
3
y2Tttt + yXtt + Yt
)
ux −
(2
3
yTtt +Xt
)
uy, (49)
ζxx = −uxxTt +
2
3
Ttt, (50)
ζxy = −
4
3
Ttuxy +
4
3
yTttt + 2Xtt −
(2
3
yTtt +Xt
)
uxx, (51)
ζxt = −
5
3
Ttuxt −
2
3
Tttux +
2
3
xTttt +
2
3
y2Ttttt + 2Xttty + 2Ytt
−(
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)uxx − (
2
3
Ttty +Xt)uxy, (52)
ζyy = −
5
3
Ttuyy +
4
3
xTttt +
4
3
y2Ttttt + 4Xttty + 4Ytt −
2
3
uxTtt
−2(
2
3
yTtt +Xt)uxy, (53)
ζyt = −2Ttuyt − Tttuy +
4
3
xyTtttt + 2xXttt +
4
9
y3Tttttt + 2Xtttty
2
+4yYttt + Z1,t − (
2
3
yTttt +Xtt)ux − (
2
3
yTtt +Xt)uxt
−(
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)uxy − (
2
3
yTtt +Xt)uyy, (54)
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ζtt = −
7
3
Ttutt −
5
3
Tttut −
1
3
Ttttu+
1
3
x2Ttttt +
2
3
xy2Tttttt + 2xyXtttt
+2xYttt +
1
9
y4Ttttttt +
2
3
Xttttty
3 + 2Ytttty
2 + Z1,tty + Z2,tt
−(
1
3
xTttt +
1
3
y2Ttttt + yXttt + Ytt)ux − 2(
1
3
xTtt +
1
3
y2Tttt
+yXtt + Yt)uxt − (
2
3
yTttt +Xtt)uy − 2(
2
3
yTtt +Xt)uyt. (55)
Correspondingly, the second order Lie-Ba¨cklund operator is given by
X0 = ξ
x ∂
∂x
+ ξy
∂
∂y
+ ξt
∂
∂t
+ η
∂
∂u
+ ζx
∂
∂ux
+ ζy
∂
∂uy
+ ζt
∂
∂ut
+ ζu
∂
∂uxx
+ζxy
∂
∂uxy
+ ζxt
∂
∂uxt
+ ζyy
∂
∂uyy
+ ζyt
∂
∂uyt
+ ζtt
∂
∂utt
. (56)
Theorem([18], [13]): Suppose that X0 is a Lie-Ba¨cklund symmetry of (1) such that the
conservation vector T ′ = (T1, T2, T3) is invariant under X0. Then
X0(Ti) +
3∑
j=1
TiDjξj −
3∑
j=1
TjDj(ξi) = 0, (i = 1, 2, 3), (57)
where D1 = Dx, D2 = Dy, D3 = Dt and ξi are determined by (56).
A Lie-Ba¨cklund symmetry X0 is said to be associated with a conserved vetor T
′ of (1) if
X0 and T
′ satisfy relations (57).
Now we construct the corresponding conservation laws relating to (37) in the form
DxJ1 +DyJ2 +Dtρ = 0, (58)
where T1 = J1, T2 = J2, T3 = ρ with J1, J2 and ρ being functions of {x, y, t, u, ux, uy,
· · · , utt}.
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In terms of T ′ = (J1, J2, ρ), Eq. (57) is equivalent to the following three equations:
(
1
3
xTt +
1
3
y2Ttt + yXt + Y )
∂J1
∂x
+ (
2
3
yTt +X)
∂J1
∂y
+ T
∂J1
∂t
+ (−
1
3
uTt
+
1
3
x2Ttt +
2
3
xy2Tttt + 2xyXtt + 2xYt +
1
9
y4Ttttt +
2
3
Xttty
3 + 2Ytty
2
+Z1y + Z2)
∂J1
∂u
+ (−
2
3
Ttux +
2
3
xTtt +
2
3
y2Tttt + 2Xtty + 2Yt)
∂J1
∂ux
+
[
−Ttuy +
4
3
xyTttt + 2xXtt +
4
9
y3Ttttt + 2Xttty
2 + 4Ytty + Z1
−(
2
3
yTtt +Xt)ux
]
∂J1
∂uy
+
[
−
4
3
Ttut −
1
3
uTtt +
1
3
x2Tttt +
2
3
xy2Ttttt
+2xyXttt + 2xYtt +
1
9
y4Tttttt +
2
3
Xtttty
3 + 2Yttty
2 + Z1,ty + Z2,t
−(
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)ux − (
2
3
yTtt +Xt)uy)
]
∂J1
∂ut
+ (−Ttuxx
+
2
3
Ttt)
∂J1
∂uxx
+
[
−
4
3
Ttuxy +
4
3
yTttt + 2Xtt − (
2
3
yTtt +Xt)uxx
]
∂J1
∂uxy
+
[
−
5
3
Ttuxt −
2
3
Tttux +
2
3
xTttt +
2
3
y2Ttttt + 2Xttty + 2Ytt − (
1
3
xTtt
+
1
3
y2Tttt + yXtt + Yt)uxx − (
2
3
yTtt +Xt)uxy
]
∂J1
∂uxt
+
[
−
5
3
Ttuyy +
4
3
xTttt
+
4
3
y2Ttttt + 4Xttty + 4Ytt −
2
3
uxTtt − 2(
2
3
yTtt +Xt)uxy
]
∂J1
∂uyy
+
[
−2uytTt − uyTtt +
4
3
xyTtttt + 2xXttt +
4
9
y3Tttttt + 2Xtttty
2 + 4Yttty
+Z1,t − (
2
3
yTttt +Xtt)ux − (
2
3
yTtt +Xt)utx − (
1
3
xTtt +
1
3
y2Tttt +Xtty
+Yt)uxy − (
2
3
yTtt +Xt)uyy
]
∂J1
∂uyt
+
[
−
7
3
uttTt −
5
3
utTtt −
1
3
uTttt
+
1
3
x2Ttttt +
2
3
xy2Tttttt + 2xXtttty + 2xYttt +
1
9
y4Ttttttt +
2
3
Xttttty
3 + 2Ytttty
2
+Z1,tty + Z2,tt − (
1
3
xTttt +
1
3
y2Ttttt +Xttty + Ytt)ux − 2(
1
3
xTtt +
1
3
y2Tttt
+Xtty + Yt)utx − (
2
3
yTttt +Xtt)uy − 2(
2
3
yTtt +Xt)uyt
]
∂J1
∂utt
+
5
3
TtJ1
−(Xt +
2
3
yTtt)J2 − (
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)ρ = 0, (59)
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(
1
3
xTt +
1
3
y2Ttt + yXt + Y )
∂J2
∂x
+ (
2
3
yTt +X)
∂J2
∂y
+ T
∂J2
∂t
+ (−
1
3
uTt
+
1
3
x2Ttt +
2
3
xy2Tttt + 2xyXtt + 2xYt +
1
9
y4Ttttt +
2
3
Xttty
3 + 2Ytty
2
+Z1y + Z2)
∂J2
∂u
+ (−
2
3
Ttux +
2
3
xTtt +
2
3
y2Tttt + 2Xtty + 2Yt)
∂J2
∂ux
+
[
−Ttuy +
4
3
xyTttt + 2xXtt +
4
9
y3Ttttt + 2Xttty
2 + 4Ytty + Z1
−(
2
3
yTtt +Xt)ux
]
∂J2
∂uy
+
[
−
4
3
Ttut −
1
3
uTtt +
1
3
x2Tttt +
2
3
xy2Ttttt
+2xyXttt + 2xYtt +
1
9
y4Tttttt +
2
3
Xtttty
3 + 2Yttty
2 + Z1,ty + Z2,t
−(
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)ux − (
2
3
yTtt +Xt)uy)
]
∂J2
∂ut
+ (−Ttuxx
+
2
3
Ttt)
∂J2
∂uxx
+
[
−
4
3
Ttuxy +
4
3
yTttt + 2Xtt − (
2
3
yTtt +Xt)uxx
]
∂J2
∂uxy
+
[
−
5
3
Ttuxt −
2
3
Tttux +
2
3
xTttt +
2
3
y2Ttttt + 2Xttty + 2Ytt − (
1
3
xTtt
+
1
3
y2Tttt + yXtt + Yt)uxx − (
2
3
yTtt +Xt)uxy
]
∂J2
∂uxt
+
[
−
5
3
Ttuyy
+
4
3
xTttt +
4
3
y2Ttttt + 4Xttty + 4Ytt −
2
3
uxTtt − 2(
2
3
yTtt +Xt)uxy
]
∂J2
∂uyy
+
[
−2uytTt − uyTtt +
4
3
xyTtttt + 2xXttt +
4
9
y3Tttttt + 2Xtttty
2 + 4Yttty + Z1,t
−(
2
3
yTttt +Xtt)ux − (
2
3
yTtt +Xt)utx − (
1
3
xTtt +
1
3
y2Tttt +Xtty + Yt)uxy
−(
2
3
yTtt +Xt)uyy
]
∂J2
∂uyt
+
[
−
7
3
uttTt −
5
3
utTtt −
1
3
uTttt +
1
3
x2Ttttt
+
2
3
xy2Tttttt + 2xXtttty + 2xYttt +
1
9
y4Ttttttt +
2
3
Xttttty
3 + 2Ytttty
2
+Z1,tty + Z2,tt − (
1
3
xTttt +
1
3
y2Ttttt +Xttty + Ytt)ux − 2(
1
3
xTtt
+
1
3
y2Tttt +Xtty + Yt)utx − (
2
3
yTttt +Xtt)uy − 2(
2
3
yTtt +Xt)uyt
]
∂J2
∂utt
+
4
3
TtJ2 − (
2
3
yTtt +Xt)ρ = 0, (60)
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(
1
3
xTt +
1
3
y2Ttt + yXt + Y )
∂ρ
∂x
+ (
2
3
yTt +X)
∂ρ
∂y
+ T
∂ρ
∂t
+ (−
1
3
uTt
+
1
3
x2Ttt +
2
3
xy2Tttt + 2xyXtt + 2xYt +
1
9
y4Ttttt +
2
3
Xttty
3 + 2Ytty
2
+Z1y + Z2)
∂ρ
∂u
+ (−
2
3
Ttux +
2
3
xTtt +
2
3
y2Tttt + 2Xtty + 2Yt)
∂ρ
∂ux
+
[
−Ttuy +
4
3
xyTttt + 2xXtt +
4
9
y3Ttttt + 2Xttty
2 + 4Ytty + Z1
−(
2
3
yTtt +Xt)ux
]
∂ρ
∂uy
+
[
−
4
3
Ttut −
1
3
uTtt +
1
3
x2Tttt +
2
3
xy2Ttttt
+2xyXttt + 2xYtt +
1
9
y4Tttttt +
2
3
Xtttty
3 + 2Yttty
2 + Z1,ty + Z2,t
−(
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)ux − (
2
3
yTtt +Xt)uy)
]
∂ρ
∂ut
+(−Ttuxx +
2
3
Ttt)
∂ρ
∂uxx
+
[
−
4
3
Ttuxy +
4
3
yTttt + 2Xtt − (
2
3
yTtt
+Xt)uxx]
∂ρ
∂uxy
+
[
−
5
3
Ttuxt −
2
3
Tttux +
2
3
xTttt +
2
3
y2Ttttt + 2Xttty
+2Ytt − (
1
3
xTtt +
1
3
y2Tttt + yXtt + Yt)uxx − (
2
3
yTtt +Xt)uxy
]
∂ρ
∂uxt
+
[
−
5
3
Ttuyy +
4
3
xTttt +
4
3
y2Ttttt + 4Xttty + 4Ytt −
2
3
uxTtt
−2(
2
3
yTtt +Xt)uxy
]
∂ρ
∂uyy
+
[
−2uytTt − uyTtt +
4
3
xyTtttt + 2xXttt
+
4
9
y3Tttttt + 2Xtttty
2 + 4Yttty + Z1,t − (
2
3
yTttt +Xtt)ux − (
2
3
yTtt
+Xt)utx − (
1
3
xTtt +
1
3
y2Tttt +Xtty + Yt)uxy − (
2
3
yTtt +Xt)uyy
]
∂ρ
∂uyt
+
[
−
7
3
uttTt −
5
3
utTtt −
1
3
uTttt +
1
3
x2Ttttt +
2
3
xy2Tttttt + 2xXtttty + 2xYttt
+
1
9
y4Ttttttt +
2
3
Xttttty
3 + 2Ytttty
2 + Z1,tty + Z2,tt − (
1
3
xTttt +
1
3
y2Ttttt
+Xttty + Ytt)ux − 2(
1
3
xTtt +
1
3
y2Tttt +Xtty + Yt)utx − (
2
3
yTttt +Xtt)uy
−2(
2
3
yTtt +Xt)uyt
]
∂ρ
∂utt
+ Ttρ = 0, (61)
The solutions J1, J2 and ρ of (59)-(61) can be directly solved:
ρ = f0(t)K1(t1, t2, t3, · · · , t12), (62)
J2 = [f1(t) + f2(t)y]K1(t1, t2, t3, · · · , t12)
+f3(t)K2(t1, t2, t3, · · · , t12), (63)
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J1 = [f4(t) + f5(t)x+ f6(t)y + f7(t)y
2]K1(t1, t2, t3, · · · , t12)
+[f8(t) + f9(t)y]K2(t1, t2, t3, · · · , t12)
+f10(t)K3(t1, t2, t3, · · · , t12), (64)
whereK1,K2 andK3 are arbitrary functions of {t1, t2, t3, · · · , t12}, and fi, i = 0, 1, · · · , 10
are functions fixed by:
f0 = T
−1, (65)
f1 = XT
−2, f2 =
2
3
TtT
−2, f3 = T
−
4
3 , (66)
f4 = Y T
−2, f5 =
1
3
TtT
−2, f6 = XtT
−2, f7 =
1
3
TttT
−2,
f8 = XT
−
7
3 , f9 =
2
3
TtT
−
7
3 , f10 = T
−
5
3 , (67)
with the invariants being
t1 = T
−
2
3 y −X1, (68)
t2 = T
−
1
3x−
1
3
T−
4
3Tty
2 − T−
4
3Xy − Y1, (69)
t3 = −
1
3
T−
2
3Ttx
2 −
10
81
T−
8
3 y4T 3t − 2T
−
2
3y2Yt −
5
3
T−
8
3 yX3 − T−
2
3 yY2
+T−
5
3xX2 − 2T−
2
3xY +
2
9
T−
5
3 y4TttTt +
8
9
T−
5
3y3XtTt
+
4
9
T−
5
3y3XTtt − 2T
−
2
3 yxXt +
4
3
T−
5
3 yxXTt −
2
3
T−
2
3xy2Ttt
−
1
9
T−
2
3 y4Tttt −
2
3
T−
2
3 y3Xtt −
20
27
T−
8
3 y3XT 2t +
4
9
T−
5
3xy2T 2t
+2T−
5
3y2XXt −
5
3
T−
8
3 y2X2Tt +
4
3
T−
5
3y2TtY + 4T
−
5
3yXY
+uT
1
3 +
1
3
Y3, (70)
t4 = uxT
2
3 −
2
3
T−
1
3Ttx+
4
9
T−
4
3 y2T 2t −
2
3
T−
1
3 y2Ttt − 2T
−
1
3 yXt
+
4
3
T−
4
3 yXTt +X
2T−
4
3 − 2Y T−
1
3 , (71)
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t5 =
2
3
Ttuxy +
2
3
T−1xXTt +
4
9
T−1xyT 2t −
4
3
xyTtt +
4
9
T−1y3TtTtt
+
4
3
T−1y2XtTt +
2
3
T−1y2XTtt −
8
9
T−2y2XT 2t + 2T
−1yXXt
−
4
3
T−2yX2Tt +
4
3
T−1yY Tt + 2XT
−1Y +Xux − 2xXt −
4
9
y3Tttt
−2y2Xtt − 4yYt −
2
3
X3T−2 + uyT − Y2 −
16
81
T−2y3T 3t , (72)
t6 =
1
9
T
1
3 (9utT − 9Z2 + 9uyX + 9Y ux − Ttttty
4 − 3Tttx
2 − 18Ytty
2
−9Z1y − 18Ytx+ 3Ttu− 6Xttty
3 + 6uyTty + 3Ttxux − 6xy
2Tttt
+3Ttty
2ux + 9yuxXt − 18xXtty), (73)
t7 = uxxT −
2
3
Tt, (74)
t8 =
1
9
T−
2
3 (9uxyT
2 + 9uxxTX + 6uxxyTtT + 4yT
2
t − 12yTTtt
−18TXt + 6XTt), (75)
t9 =
1
3
T
2
3 (3utxT + 3uxyX + 2uxyyTt + 3uxxY + 3uxxyXt − 2y
2Tttt
+uxxxTt + uxxy
2Ttt − 2xTtt − 6Yt + 2uxTt − 6Xtty), (76)
t10 =
1
27
T−
4
3 (27uyyT
3 + 54uxyT
2X + 36uxyyT
2Tt + 27uxxX
2T
+36uxxyTXTt + 12uxxy
2T 2t T − 108T
2Yt − 18X
2Tt + 36TY Tt
+18T 2Ttux + 12xTT
2
t − 36xTttT
2 − 8y2T 3t + 12y
2TTtTtt
−36y2TtttT
2 − 108yT 2Xtt + 36yTXtTt − 24yXT
2
t ), (77)
t11 = utyT
2 − Z1T + uxyX
2 − 2XYt +
4
9
uxyT
2
t +
2
3
uxXTt
−
4
3
yYtTt + uxTXt + uyyTX + utxTX +
4
9
uxyy
2T 2t
−
2
3
xXTtt −
2
3
y2XTttt − 2yXXtt −
4
9
y3TtttTt −
4
3
y2XttTt
−2xTXtt − 2y
2TXttt −
4
9
y3TTtttt − 4yTYtt + uxyTY
+uxxXY +
1
3
TTtuxyx+ uxyyTXt +
1
3
uxyy
2TTtt −
4
3
xyTTttt
+
2
3
uxyTTtt + uxxyXXt +
2
3
uxxyTtY +
1
3
uxxy
2XTtt
+
2
3
uxxy
2TtXt +
4
3
uxyyXTt −
4
9
xyTttTt +
2
9
uxxy
3TttTt
+
1
3
uxxxXTt +
2
9
uxxxyT
2
t +
2
3
TTtuyyy +
2
3
utxTTty + TTtuy, (78)
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t12 =
1
9
T
1
3 (−9Z2,tT − 9Z1X + uT
2
t + 15uxyXtTt + 9uttT
2
+9uyyX
2 + 9uxxY
2 + 15utTtT − 18YtY + 18utyTX
+18utxTY − 6y
2TttYt − 6y
2TtttY + 3uTTtt − 18y
2TYttt
−6y3TXtttt − 18xTYtt − Ty
4Tttttt − 3Tx
2Tttt − 14y
3XtttTt
−4y3XTtttt − 18xXXtt − 6xTttY − 18y
2XttXt − 30y
2YttTt
+9uxxy
2X2t − 6y
3TttXtt − 6y
3TtttXt − 2y
4TttTttt − 3y
4TtTtttt
−3x2TttTt + uxxy
4Ttt + 18uxyXY + uxxx
2T 2t + 4uyyy
2T 2t
−18yY Xtt − 36yXYtt − 2xy
2T 2tt − 18y
2XXttt − 3Z2Tt
+2uxxxy
2TttTt + 6uxxxyTtXt − 9yTZ1,t + 9uyTXt + 9uxTYt
−12xYtTt + 12uyXTt + 9uxXXt + 9uxTtY − 18yYtXt − 9yZ1Tt
+3uxxT
2
t + 8uyyT
2
t + 9uxyTXtt + 6utxy
2TTtt + 6utxxTtT
+12utyyTtT − 18xyTXttt + 3Tuxy
2Tttt + 18utxyTXt
+3uxxTTtt + 6uyyTTtt − 6Txy
2Ttttt + 12uxyy
2TtXt
+6uxyy
2XTtt + 6uxyXTtt + 4uxyxyT
2
t + 4uxyy
3TttTt
+6uxyxXTt + 12uyyyXTt + 6uxxxY Tt + 6uxxy
3TttXt
+18uxxyY Xt − 24xyXttTt − 6xyXtTtt − 12xyXTttt
+7uxy
2TttTt − 12xy
2TtttTt + 6uxxy
2Y Ttt
+18uxyyXXt + 12uxyyY Tt), (79)
where
X1t = XT
−
5
3 , (80)
Y1t = −T
−
7
3X2 + T−
4
3Y, (81)
Y2t = Z1, (82)
Y3t = −T
−
11
3 (15Y X2T − 6Y 2T 2 + 3Z2T
3 − 5X4 − 3XY2T
2). (83)
To determine the functions of K1, K2, and K3, we substitute (62), (63), and (64) into
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(58) which yields a complicated equation
J1,x + J1,uux + J1,uxuxx + J1,uyuxy + J1,utuxt + J1,uxxuxxx
+J1,uxyuxxy + J1,uxtuxxt + J1,uyyuxyy + J1,uytuxyt + J1,uttuxtt
+J2,y + J2,uuy + J2,uxuxy + J2,uyuyy + J2,utuyt + J2,uxxuxxy
+J2,uxyuxyy + J2,uxtuxyt + J2,uyyuyyy + J2,uytuyyt + J2,uttuytt
+ρt + ρuut + ρuxuxt + ρuyuyt + ρututt + ρuxxuxxt + ρuxyuxyt
+ρuxtuxtt + ρuyyuyyt + ρuytuytt + ρuttuttt = 0. (84)
To solve the complicated equation (84), we begin from the highest derivatives of u for
K1, K2 and K3 being {uxxx, uxxy, · · · , uttt} independent. Letting the coefficients of
{uxxx, uxxy, · · · , uttt} be zero, we can get a more simplified equation. For example, the
term of uttt in (84) is
3T 3K1,t12uttt, (85)
where Ki,tn
j
= ∂
jKn
∂t
j
i
. There is no nontrivial solution for K1,t12 6= 0, thus the only possible
case is
K1,t12 = 0, i.e., K1 ≡ K1(t1, t2, · · · , t11). (86)
Under (86), the coefficient of uytt is
3T
8
3 (K2,t12 +K1,t11), (87)
which leads to the only possible solution
K2(t1, t2, t3, · · · , t12) = −t12K1,t11 +K21(t1, t2, t3, · · · , t11), (88)
with K21(t1, t2, t3, · · · , t11) being an un-determined function of the indicated variables.
Like the procedure to eliminate uttt and uytt, vanishing the terms of uxxx, uxxy, · · · , uyyy
results in
K1 = (−F2t8 + F3t7 + F10)t11 + (F1t7 + F11 + F2t9)t10
+(F4 − t8F3)t9 − F1t
2
8
+ (F5 + F6)t8 + F8t7 + F14, (89)
K2 = (F2t8 − F3t7 − F10)t12 + (−F1t7 − F2t9 − F11)t11
+t2
9
F3 + (F5 + F1t8)t9 + F7t7 + F9t8 + F13, (90)
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K3 = (−F2t10 + t8F3 − F4)t12 + F2t
2
11
+ (F1t8 − F3t9 − 2F5
−F6)t11 + (−F1t9 − F9)t10 − F7t8 − F8t9 + F12, (91)
with 14 equations satisfied:
F1,t3t6 + F7,t5 − F9,t4 = 0,
−F2,t4 + F1,t6 − F3,t5 = 0,
F8,t3t6 + F12,t4 + F7,t1 + F7,t3t5 = 0,
−F4,t4 + F8,t6 − F3,t3t5 − F3,t1 = 0,
−F9,t2 + F13,t5 − F9,t3t4 + F11,t3t6 = 0,
−F11,t6 + F2,t2 + F10,t5 + F2,t3t4 = 0,
−F10,t1 − F4,t3t4 + F14,t6 − F10,t3t5 − F4,t2 = 0,
F13,t1 + F12,t3t4 + F13,t3t5 + F14,t3t6 + F12,t2 = 0,
−F5,t5 − F11,t4 + F1,t3t4 + F1,t2 − F2,t3t6 + F9,t6 = 0,
F14,t4 + F5,t3t5 + F5,t1 + F12,t6 − F8,t3t4 − F8,t2 + F4,t3t6 = 0,
−F8,t5 − F7,t6 + 2F5,t4 + F1,t3t5 − F3,t3t6 + F6,t4 + F1,t1 = 0,
−F4,t5 + F2,t3t5 − F10,t4 + F2,t1 + F3,t3t4 + F6,t6 + F5,t6
+F3,t2 = 0,
(F5,t3 + F6,t3)t6 + F9,t1 − F7,t3t4 + F12,t5 + F9,t3t5 + F13,t4
−F7,t2 = 0,
F10,t3t6 − (F6,t3 + 2F5,t3)t4 + F13,t6 + F14,t5 − F11,t1 − 2F5,t2
−F11,t3t5 − F6,t2 = 0, (92)
where Fi, i = 1, 2, · · ·14 are functions of {t1, t2, t3, t4, t5, t6}. Fortunately, the equations
are linear system which is straightforward to solve.
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For simplicity, we just list the final solutions:
K1 = (α2,t6t7 + α5,t6 − α1,t5t6t8)t11 + (α1,t5t6t9 + (α1,t4t5
+α2,t5 + α6,t5t5)t7 + α5,t5 + α7,t5t5 + α1,t2t5 + t4α1,t3t5)t10
+(−α2,t6t8 + α3,t6)t9 + (−α1,t4t5 − α2,t5 − α6,t5t5)t
2
8
+(α5,t4 + α8,t5 − α1,t1t5 − t4α2,t3 − t5α1,t3t5 + α3,t5 − α2,t2)t8
+((α6,t3t5 + α2,t3 − α10,t4t4)t5 + α6,t2t4 + α11,t4 + t4α6,t3t4
+α3,t4 − α7,t4t4 + α6,t3 + α2,t1 + α6,t1t5 + α8,t4)t7 + (α7,t3t5
−α10,t2t4 + α15,t3 − t4α10,t3t4 + α10,t3 + α5,t3)t5 + t
2
4
α6,t3t3
+(α13,t3 + α11,t3 − α7,t3t4 + α8,t3 + α3,t3 + 2α6,t2t3)t4
+α17 + α5,t1 + α7,t1t5 + α3,t2 + α8,t2 + α10,t1 + α15,t1
+α6,t2t2 − α7,t2t4 + α11,t2 + α13,t2 , (93)
K2 = (α1,t5t6t8 − α2,t6t7 − α5,t6)t12 + (−α1,t5t6t9
+(−α1,t4t5 − α2,t5 − α6,t5t5)t7 − α7,t5t5 − α1,t2t5
−t4α1,t3t5 − α5,t5)t11 + t
2
9
α2,t6 + (t8(α1,t4t5
+α2,t5 + α6,t5t5)− t6α1,t3t6 + (α6,t3t5 + α2,t3)t4
−α7,t4t5 + α9,t6 − α1,t3 − α5,t4 + α6,t2t5 + α4,t6
+α2,t2)t9 + α4,t5t8 + ((α10,t4t4 − α2,t3 − α6,t3t5
−α1,t3t4)t6 + α4,t4 + α9,t4 + α12,t4)t7
+((−α1,t3t3 + α10,t3t4)t4 − α10,t3 − α5,t3 − α7,t3t5
−α1,t2t3 + α10,t2t4 − α15,t3)t6 + α9,t2 + α4,t2 + α12,t2
+(α12,t3 + α14,t3 + α9,t3 + α4,t3)t4 + α14,t2
−α16,t2 + α18, (94)
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K3 = (−α1,t5t6t10 + α2,t6t8 − α3,t6)t12 + t
2
11
α1,t5t6
+(t8(α1,t4t5 + α2,t5 + α6,t5t5)− α2,t6t9 − t4α6,t3t5
+α1,t3 + α7,t4t5 + t6α1,t3t6 − α4,t6 − α6,t2t5 − α9,t6
−α3,t5 + α1,t1t5 + t5α1,t3t5 − α8,t5)t11 + ((−α1,t4t5
−α2,t5 − α6,t5t5)t9 − α4,t5)t10 + ((−α2,t3 − α6,t3t5
+α10,t4t4)t5 − α2,t1 − α3,t4 − α6,t2t4 − α6,t3 − α8,t4
+α7,t4t4 − α6,t1t5 − t4α6,t3t4 − α11,t4)t9
+((−α10,t4t4 + α2,t3 + α6,t3t5 + α1,t3t4)t6 − α4,t4
−α9,t4 − α12,t4)t8 + (t5α1,t3t3 − t4α6,t3t3 − α6,t2t3
−α8,t3 − α3,t3 − α10,t1t4 − α11,t3 − α13,t3 + α1,t1t3
+α7,t3t4)t6 + (−α9,t3 − α4,t3 − α12,t3 − α14,t3)t5
−α4,t1 − α12,t1 − α14,t1 + α16,t1 − α9,t1 , (95)
with αi(i = 1, 2, · · · , 5) being arbitrary functions of {t1, t2, t3, t4, t5, t6}, αi(i = 6, 7, 8) be-
ing arbitrary functions of {t1, t2, t3, t4, t5}, α9 being arbitrary function of {t1, t2, t3, t4, t6},
αi(i = 10, 11, 12) being arbitrary functions of {t1, t2, t3, t4}, α13, α14, α15 being arbitrary
functions of {t1, t2, t3}, α16, α17 being arbitrary functions of {t1, t2} and α18 is function of
t2.
Substituting (93)-(95) into (62)-(64), we can obtain the conservation laws of the Lin-
Tsien equation associated with the Lie-Ba¨cklund generator X0. We have verified that the
conserved vector (J1, J2, ρ) really satisfied Eq. (58).
IV. CONCLUSION AND DISCUSSION
In this paper, by applying the modified CK’s direct method, we set up Theorem 1, which
shows the relationship between new exact solutions and old ones of the (2+1)-dimensional
Lin-Tsien equation. Using the transformation relations we then get the corresponding KMV
symmetry algebra and the Lie point symmetry which coincide with the result generated
from the standard Lie approach.
We generate the conservation laws of the Lin-Tsien equation related to the infinite di-
mensional KMV symmetry group by use of the Lie-Ba¨cklund generator up to the second
21
order group invariants. The existence of arbitrary functions of the group invariants proves
the Lin-Tsien equation has infinitely many conservation laws which connect with the general
Lie point symmetry (37). Though the symmetries and conservation laws are obtained from
the Lin-Tsien equation, the conservation laws we derived is only depended on the symmetry
which may be possessed by many equations.
[1] M.J. Ablowitz, P.A. Clarkson, Solitons, Nonlinear Evolution Equations and Inverse Scattering,
Cambridge University Press, Cambridge, 1991.
[2] M.J. Ablowitz, H. Segur, Solitons and the Inverse Scattering Transform, SIAM: Philadelphia,
1981.
[3] W.F. Ames, Nonlinear Partial Differential Equations in Engineering, Vol. II, Chapter 2, Aca-
demic Press, New York 1972.
[4] G.W. Bluman, J.D. Cole, Similarity Methods for Differential Equations, Springer, New York,
1974.
[5] L.V. Ovsiannikov, Group Analysis of Differential Equations, Russian Edition, NAUKA,
1978(English translation edited by W.F. Ames, Academic Press, 1982).
[6] H.C. Ma, Chin. Phys. Lett. 22 (2005) 554.
[7] S.Y. Lou, J.Phys.A:Math.Gen. 38 (2005) 129.
[8] E. Noether, Nachr. Ko¨nig. Gesellsch. Wiss. Go¨ttingen, Math-phys. Klasse (1918) 235.
[9] Bessel-Hagen E., U¨ber die Erhaltungssa¨tze der Elektrodynamik, Math. Ann. 84 (1921) 258.
[10] N.H. Ibragimov,Transformation groups applied to mathematical physics, Reidel, Boston, 1985.
[11] P.J. Olver, Applications of Lie groups to differential equations, Springer, New York, 1986.
[12] G. Bluman, S. Kumei, Symmetries and differential equations, Springer, NewYork, 1989.
[13] A.H. Kara, F.M. Mahomed, Int. J. Theor. Phys. 39 (2000) 23.
[14] M. Jia, Y. Gao, S.Y. Lou, Phys. Lett. A 374 (2010) 1704
[15] K. Oswatitsch (Editor), Symposium Transonicum, Springer-Verlag, Berlin, 1964.
[16] P. Goddard, D. Olive, Kac-Moody and Virasoro algebras Advanced series in Mathmatical
Physics, Vol. 3, World Scientific, 1989
[17] N.H. Ibragimov, A.H. Kara, F.M. Mahomed, Nonlinear Dynam. 15 (1998) 115.
[18] A.H. Kara, C.M. Khalique, Int. J. Non-linear Mech. 36 (2001) 1041.
22
